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Micro/nanomechanical resonators often exhibit nonlinear behaviors due to their small size and their ease
to realize relatively large amplitude oscillation. In this work, we design a nonlinear micromechanical can-
tilever system with intentionally integrated geometric nonlinearity realized through a nanotube cou-
pling. Multiple scales analysis was applied to study the nonlinear dynamics which was compared
favorably with experimental results. The geometrically positioned nanotube introduced nonlinearity efﬁ-
ciently into the otherwise linear micromechanical cantilever oscillator, evident from the acquired
responses showing the representative hysteresis loop of a nonlinear dynamic system. It was further
shown that a small change in the geometry parameters of the system produced a complete transition
of the nonlinear behavior from hardening to softening resonance.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Aiming for a wide range of applications, particularly in sensing,
signal processing, and fundamental research, micro- and
nano-mechanical resonators have been extensively studied in the
last decade (Ekinci and Roukes, 2005; Kim and Chun, 2007). While
transition from linear to nonlinear resonance was found to occur
readily at these size scales, the underlying nonlinear characteristics
have been largely trivialized (Ekinci and Roukes, 2005) or consid-
ered detrimental (Ekinci et al., 2004; Ekinci and Roukes, 2005;
Kozinsky et al., 2006; Kacem and Hentz, 2009; Kacem et al., 2010)
to the design objectives during the early development stage. Over
the past few years, however, nonlinear dynamics in resonating sys-
tems at micro/nanoscale has drawn great attention as researchers
begin to learn to tailor system properties to achieve novel applica-
tions (Rhoads et al., 2005; Lifshitz and Cross, 2008; Stanton et al.,
2010). For example, using a doubly-clamped carbon nanotube, a
nonlinear nanoresonator with tunable and broad bandwidth was
developed, and its nonlinear instability was applied for sensing
external perturbations such as extremely small changes in mass
and energy dissipation in ambient environments (Cho et al., 2010).
The most commonly encountered nonlinear behavior in
micro/nano-beamresonators, especiallywithdoubly-clampedends,
is hardening resonance originated from the involvement of tensionll rights reserved.induced during the oscillatory transversemotion of the beam (Husain
et al., 2003; Cho et al., 2010). Often this geometrically nonlinear
behavior is combinedwith external perturbations such as nonlinear
potential ﬁelds (Touze et al., 2004; Kacem and Hentz, 2009; Kacem
et al., 2010; Mestrom et al., 2010; Rhoads et al., 2010; Elshurafa
et al., 2011) and thermal radiation (Sahai et al., 2007; Sahai, 2010)
to induce and study complex nonlinear dynamics such as backbone
transitions between hardening and softening resonances. However,
to introduce intrinsic nonlinearity into awidely used cantilever type
micro/nanoscale beamresonatorwhere there is one free end to relax
the internal tension, special designconsiderationsareneeded. In this
study, nonlinear dynamicswas realized in amicromechanical canti-
lever type systemby incorporatingananotube coupling to introduce
geometric nonlinearity intentionally.
We ﬁrst analytically study the micromechanical cantilever
system integrated with geometric nonlinearity to determine its
dynamic behavior, and then demonstrate through experiment the
predicted nonlinear response. The intentional integration of strong
nonlinearity into an otherwise linear cantilever resonator gener-
ates rich dynamics such as hardening or softening resonances, as
well as nonlinear hysteresis loops leading to instability jumps.
The general ﬁnding of this work is that strong intentional stiffness
nonlinearity can be efﬁciently induced in the micro- and nano-
scale systems by appropriate implementation of geometric or
kinematic nonlinearities of a linearly elastic stiffness element. In
addition, somewhat counter-intuitively, we demonstrate that the
appropriate incorporation of even a nanoscale element (a boron
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linear microscale dynamic system many orders of magnitude lar-
ger in size. To our knowledge, this is one of the ﬁrst works report-
ing on intentional strong nonlinearity induced in a microsystem by
a nanoscale attachment.2. Description and modeling
The scanning electronmicroscope (SEM) images of the represen-
tative nonlinear system investigated in this work are presented in
Fig. 1. It consists of two micromechanical cantilevers bridged be-
tween two free ends by a multi-walled boron nitride nanotube
(BNNT). Titled view at 52 in SEM in Fig. 1(b) reveals that the two
cantilevers are nearly coplanar. The attached BNNT is 2.6 lm in
length and 80 nm in diameter. The two microcantilevers are sep-
arately anchored to a solid base, so the only mechanical coupling
is through the attached BNNT. The end segments of the BNNT are
rigidly ﬁxed onto the surfaces of the free ends of the microcantile-
vers through localized e-beam induced deposition of platinum. In
the absence of the nanotube, there is no mechanism to introduce
stiffness nonlinearity into these two cantilevers, and their dynamics
is linear within the range of their operation. The two microcantile-
vers are designedwith their ﬁrst eigenfrequencies sufﬁciently apart
so that when one of the microcantilevers oscillates near its funda-
mental resonant frequency, the other is stationary and acts as a
nearly ﬁxed anchor for the nanotube. The microcantilevers couples
through the attached nanotube and the major (and only) source of
nonlinearity in our system is thus the stiffness nonlinearities in-
duced in the nanotube when stretched axially at every period of
oscillation of the microcantilever. Note that the nanotube is elasti-
cally soft in the lateral direction but comparatively rigid in the axial
direction. As shown in the zoomed-in image in Fig. 1b, the gap be-
tween the free ends of the cantilevers is designed to be narrow to
accommodate a short nanotube attachment at the scale of several
micrometers in order to maximize the induced geometric nonlin-
earity. Using a simple lumped parameter model, we describe in
the following the forced resonance of this intentionally nonlinear
system; i.e., when one of themicrocantilevers oscillateswith a dom-
inant frequency equal to that of the applied harmonic excitation.2.1. Equations of motion
Fig. 2 shows the schematic model of the system shown in Fig. 1.
The microcantilever oscillating in its fundamental mode isFig. 1. SEM images of a nonlinear microcantilever system with integrated geometric non
coupled through a nanotube, and (b) a magniﬁed view of the marked region in square in
80 nm in diameter.modeled by the vertical linear harmonic oscillator with mass (m),
vertical spring (k1), and viscous damper (c1), excited by a harmonic
force (Fo cosxt). The microcantilever in a non-resonant state is
modeled as the rigid ground. The nanotube is modeled as a mass-
less linear spring (k2), which introduces geometric nonlinearity
into the system as the mass m displaces in the vertical direction.
To be more general, considering that in a fabricated device there
might exist a non-coplanar offset between the free ends of micro-
cantilevers for attaching nanotube, we ascribe an initial offset (tilt)
angle / in the model for the attachment of the nanotube. It will be
shown later that this angle plays an important role in the geomet-
ric nonlinearity induced in our system: depending on its value the
system can produce either hardening or softening responses. Refer-
ring to the notation of Fig. 2, the length of the nanotube spring due
to the vertical displacement of the mass (m) is L02 ¼ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
y2 þ L22  2yL sinu
q
. The vertical component of the tension T in
the nanotube caused by the oscillation of the microcantilever is
then T cos h ¼ k2ðL02  L2Þðy L2 sinuÞ=L02. Performing the balance
of vertical forces applied on the mass (m) provides the following
equation of motion of the microcantilever system with the cou-
pling nanotube:
m€yþ c1 _yþ k1yþ T cos h ¼ Fo cosxt ð1Þ
where overdot denotes differentiation with respect to time (t).
Expanding the expression for the tension in the nanotube in Taylor
series for small vertical displacements yields:
T cos h ¼ k2 sin2u
 
y 3k2L2 sinu
2
 
y
L2
 2
þ k2L2
2
 
y
L2
 3
þ . . . ; y
L2

 << 1 ð2Þ
Here, we assumed small motions and small offset, i.e., u 1.
Substituting Eq. (2) into Eq. (1) yields
m€yþ c1 _yþ ~k1yþ ~k2y2 þ ~k3y3 ¼ Fo cosxt ð3Þ
where
~k1 ¼ k1 þ k2 sin2u; ~k2 ¼ 3k22L2 sinu;
~k3 ¼ k2
2L22
: ð4Þ
As expected, the nanotube spring introduces the cubic nonlinearity
into the system, regardless of the existence of the offset angle. How-
ever, the offset angle u contributes to both the quadratic and linear
spring constants of the system. This means that depending on thelinearity through a nanotube attachment: (a) two micromechanical cantilevers are
(a) imaged at a sample tilt angle of 52. The attached BNNT is 2.6 lm in length and
Fig. 2. Schematic representation of the microcantilever system integrated with a
nanotube coupling. The inset shows the geometry parameter related to the stretch
of the attached nanotube.
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ness term or the softening effect due to the quadratic stiffness term
can potentially dominate in the dynamic response of the system.
Note that the system with u = 0 is a typical Dufﬁng oscillator with
a hardening spring as the sign of k3 is always positive.
To facilitate the analysis, Eq. (3) is normalized by introducing
the nondimensional variables,
y ¼ y
L2
; s ¼ ~xot ð5Þ
where ~xo is the linearized resonant angular frequency,
~xo ¼
ﬃﬃﬃﬃﬃ
~k1
m
s

ﬃﬃﬃﬃﬃ
k1
m
r
þ k2
2m
sin2u: ð6Þ
We note here that the resonant frequency of the system is aug-
mented by the additional stiffness from the vertical component of
the nanotube spring due to the offset angle. Finally, the equation
of motion in nondimensionalized form is expressed as,
y00 þ 2fy0 þ yþ a2y2 þ a3y3 ¼ qo cosXs ð7Þ
where prime denotes differentiation with respect to dimensionless
time s. The parameters appearing in Eq. (7) are given by:
2f ¼ c1
m ~xo
; qo ¼
Fo
~k1L2
; X ¼ x
~xo
;
a2¼
~k2
~k1
L2¼32
k2 sinu
k1þk2 sin2u
; a3¼
~k3
~k1
L22¼
k2
2ðk1þk2 sin2uÞ
: ð8Þ2.2. Multiple scales analysis
The method of multiple scales (Nayfeh and Mook, 1995) is em-
ployed to ﬁnd the dynamic response of the system at the funda-
mental mode resonance of the microcantilever; i.e., X  1. To
obtain a uniformly valid approximate solution, we need to order
each term so that damping, excitation, and nonlinear terms appear
at the same time scale in the perturbation scheme. We introduce
the small parameter e and the rescalings y? ey, 2f? 2e2f, and
q0? e3q0. The small parameter e represents the (small) amplitude
of the oscillation of the microcantilever. Accordingly, Eq. (7) is
scaled as
y00 þ 2e2fy0 þ yþ ea2y2 þ e2a3y3 ¼ e2qo cosXs ð9Þ
The proximity of the excitation frequency to the linearized resonant
frequency is represented by introducing the detuning parameter r,
giving
X ¼ 1þ e2r: ð10Þ
Then, we deﬁne multiple time scales explicitly as Tn = ens, and the
periodic solution is sought in the form ofyðs; eÞ ¼ yoðTo; T1; T2Þ þ ey1ðTo; T1; T2Þ þ e2y2ðTo; T1; T2Þ: ð11Þ
Because the analysis is carried out to order e2, the slow time scales
are introduced up to the same order. The derivative with respect to
nondimensionalized time is expressed using scaled independent
time scales as
d
ds
¼ o
oTo
þ e o
oT1
þ e2 o
oT2
 Do þ eD1 þ e2D2 ð12Þ
Substituting Eq. (11) and Eq. (12) into Eq. (9) and matching coefﬁ-
cients of equal powers of e, one obtains a series of sub-problems:
Oðe0Þ : D2oyo þ yo ¼ 0 ð13Þ
Oðe1Þ : D2oy1 þ y1 ¼ 2DoD1yo  a2y2o ð14Þ
Oðe2Þ : D2oy2 þ y2 ¼ 2DoD1y1  2DoD2yo  D21y2o  2fDoyo
 2a2yoy1  a3y3o þ qo cosðTo þ rT2Þ ð15Þ
The solution of Eq. (13) is
yo ¼ AðT1; T2ÞejTo þ cc ð16Þ
where A is a complex describing the slowly varying modulus of the
amplitude, cc denotes the complex conjugate, and j = (1)1/2.
Substituting Eq. (16) into Eq. (14), removing secular terms, and set-
ting A = A(T2), the solution of Eq. (14) is expressed as:
y1 ¼ a2 AAþ
1
3
A2e2jTo
 	
þ cc: ð17Þ
Substituting Eq. (16) and Eq. (17) into Eq. (15) and again eliminating
secular terms give the modulation equation describing the temporal
evolution of the slowly varying modulus:
2jA0 þ 2jfAþ 3a3  103 a
2
2
 
A2Aþ 1
2
qoe
jrT2 ¼ 0 ð18Þ
The slowly varying complex amplitude is then expressed in polar
formasA ¼ ð1=2Þaejb, where the amplitudea and thephaseb are real
valued functions of the slow time scale T2. Separating the real and
imaginary parts and introducing the phase difference c  rT2 - b to
eliminate terms depending on time explicitly, we derive a set of
autonomous modulation equations that governs the slow ﬂow
dynamics of the system:
a0 ¼ fa qo
2
sin c
 ac0 ¼ ra 3
8
a3  1024 a
2
2
 
a3  qo
2
cos c
ð19Þ
Hence, the approximate solution to the system with accuracy O(e2)
is obtained as,
yðsÞ ¼ a cosðXsþ cÞ  e1
2
a2a2 þ e16a2a
2 cosð2Xsþ 2cÞ þ Oðe2Þ;
ð20Þ
where a and c are deﬁned by Eq. (19). We obtain the steady-state
solutions of Eq. (19) by setting a0 = c = 0, which gives the relation
between steady-state amplitude and frequency as,
f2 þ r 9a3  10a
2
2
24
a2ss
 2" #
a2ss ¼ 
q2o
4
; c ¼ p
2
; ð21Þ
where subscript ss denotes steady-state.
2.3. Nonlinear hardening and softening resonances
The approximate periodic solution of Eq. (20) indicates that
the motion of the mass is not centered at y = 0 but shifted by
(e/2)a2a2. This is due to the quadratic nonlinearity originated
Fig. 3. Experimentally acquired linear responses (solid circle) for the inner (a) and
outer (b) microcantilevers shown in Fig 1, measured from the microcantilevers with
no nanotube coupling. The solid lines are the ﬁtting curves based on the model of a
forced linear harmonic oscillator.
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an offset angle of u. When this angle is positive (negative), the
vertical spring is initially under compression (tension), which
results in an upward (downward) shift of the motion.
Examining the frequency response of the system in steady-state
for the fundamental resonance described in Eq. (21), the effect of
offset angle becomes more consequential. We derive the backbone
curves for the corresponding Hamiltonian system, i.e., the un-
damped and unforced oscillator, resulted from Eq. (21) by setting
f = qo = 0. This produces the following approximate frequency-
steady state amplitude curve:
ass ¼  249a3  10a22
r
 1=2
: ð22Þ
As shown from this equation, the sign of the coefﬁcient of the fre-
quency detuning parameter determines whether the dynamics of
the system exhibits nonlinear softening or hardening resonance.
Accordingly, we deﬁne a parameter l ¼ 9a3  10a22 quantifying
the degree of nonlinearity in the system. Substituting the physical
parameters into the expression for l gives the critical offset angle
ucr required to eliminate both hardening and softening nonlinear
behavior by counterbalancing the effect of the quadratic and cubic
terms:
sin2ucr ¼
k1
4k2
: ð23Þ
When the offset angle is smaller than this critical angle, the nonlin-
ear dynamic response is a hardening one, and otherwise, the re-
sponse a softening one.
3. Device fabrication and experimental setup
The nonlinear cantilever system was fabricated with microma-
chining and nanomanipulation. First, the two micromechanical
cantilevers were fabricated with a Silicon-on-Insulator (SOI) wafer
having a 2 lm thick device layer (Si), 2 lm thick buried insulator
layer (SiO2), and 400 lm thick substrate layer (Si). The device layer
forms a cantilever structure, whereas the substrate layer serves as
a base of the suspended cantilevers. The general steps of the fabri-
cation involved the positive photoresist (SPR-220) coating of both
the top and bottom surfaces of the SOI wafer; the patterning of the
photoresist with photolithography according to the design of the
cantilevers and the anchoring base; the etching of the top Si layer
to deﬁne the cantilevers; and the Deep Reactive Ion Etching (DRIE)
of the wafer backside to deﬁne the anchoring base. In the last step,
the wafer was immersed in hydroﬂuoride (HF) solution to etch
away the buried oxide layer to release the cantilevers from the wa-
fer to realize the freestanding formation of the cantilevers.
The micromachining process provides two micromechanical
cantilevers connected to each other at the free ends. Focused ion
beam cutting was applied to cut through a narrow gap between
the ends of the two cantilevers to separate them. A high quality
BNNT was then selected and manipulated inside a SEM with a
nanomanipulator and placed across the narrow gap. Finally, both
ends of the placed BNNT were ﬁxed on the cantilever surface by
electron beam-induced deposition of a small amount of platinum.
The cantilever systemwas driven by a piezoelectric stack placed
underneath the cantilever-anchoring base in an air ambient envi-
ronment. A sinusoidal AC driving signal supplied from a function
generator actuated the stack. The frequency was ﬁrst swept up
and then down, and the oscillation amplitude at the end of the can-
tilever was measured using a laser Doppler Microvibrometer (Poly-
tec UHF-120). Fast Fourier transform (FFT) of the data collected
from the vibrometer at each driving frequency provided the
spectral response of the system. It is noted that nonlinearity isnot introduced in either the actuation with the piezoelectric stack,
or the measurement laser of the vibrometer operated at a constant
power less than 5 mW.4. Experimental results
4.1. Linear resonances of dual cantilevers without a nanotube
attachment
In order to test the assumptions in our model, the responses of
the inner and outer microcantilevers before coupled through nano-
tube were measured. The experimental results are plotted in Fig. 3
and are ﬁtted with solid curves according to the model of a forced
linear harmonic oscillator. The responses of both cantilevers clo-
sely follow the ﬁtting curves; hence, in the absence of the nano-
tube, the dynamics of these microcantilevers is reasonably within
the linear regime over their operational ranges. The fundamental
frequencies, damping coefﬁcients, and base excitation amplitudes
of the piezoelectric stack are estimated to be 196.8 kHz, 0.0022,
and 1.24 nm for the inner cantilever and 121.1 kHz, 0.0033, and
1.28 nm for the outer cantilever, respectively. It is important to
note that the fundamental eigenfrequencies of the inner and outer
microcantilevers are located enough apart, so there is no signiﬁ-
cant coupling between them.4.2. Nonlinear hardening resonance
Fig. 4 shows the experimentally acquired hardening resonances
for the inner cantilever in the system conﬁguration shown in Fig. 1.
The results from Fig. 4a to f correspond to a monotonic increase of
the oscillation amplitude with the increase of the driving ampli-
tude. The circles/crosses in the plots denote the acquired
steady-state experimental measurements made during the up-
ward/downward frequency sweeps, respectively. The measure-
ment was performed on a device having an almost perfect
coplanar alignment between the cantilevers as shown in Fig. 1b
(i.e., the offset angle u = 0). Thus, the quadratic term in the equa-
tion of motion is negligible, which leads to hardening resonances.
At small amplitude oscillation, as shown in Fig. 4a, the dynamic re-
sponse remains nearly linear because the axial tension induced in
the nanotube is insigniﬁcant. As the oscillating amplitude in-
creases, however, the spectral curves begin to bend toward higher
frequencies as a result of the hardening effect introduced from an
axially stretched nanotube, and leading to hysteresis loops includ-
ing the well-documented discontinuous jumps. The displacement
of the outer beam within the frequency range of interest was also
Fig. 4. Experimentally acquired hardening resonances for the inner microcantilever shown in Fig. 1 with increasing driving amplitude. The dashed lines are the ﬁtting curves
based on the developed model described in the text. The inset in (e) represents the response of the outer cantilever within the frequency range of interest, of which amplitude
is in the same order of magnitude as the base excitation amplitude.
Fig. 5. Backbone curve ﬁt for the hardening resonances presented in Fig. 4. The
maximum oscillation amplitude in each resonance response (red circle) under given
driving amplitude is ﬁtted into a modeled backbone curve (in black) for the
nonlinear system. (For interpretation of the references to colour in this ﬁgure
legend, the reader is referred to the web version of this article.)
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base excitation amplitude, conﬁrming its non-resonance state.
The experimental results were compared with the analytical
model results presented in the previous sections. The linearized
fundamental resonant frequency (fo) and the nonlinear constant
(l) were estimated by ﬁtting the maximum amplitude values of
the response curves into the backbone curve described by Eq.
(22). The ﬁtting, as shown in Fig. 5, gives fo = 196.7 kHz and
l = 1.06  105. The damping coefﬁcient (f) of the cantilever was
obtained from curve ﬁtting to the response curves acquired at
small oscillation amplitude and was found to be 0.0023. Finally,
the equivalent applied forces (q0) were obtained by ﬁtting the
drop-jump instabilities in the backbone curve. Substituting those
estimated parameters into Eq. (21), the corresponding frequency
responses predicted by the model were plotted with dashed lines
in Fig. 4, which showed good agreement with the experimental re-
sults. The discrepancy between model and experiment grows as
the driving force increases, possibly due to the amplitude-depen-
dent increase in damping of the cantilever itself. The increased en-
ergy dissipation through the deformation of the nanotube (Jiang
et al., 2004; Yum et al., 2004), which is not considered in our anal-
ysis, may also be partly responsible for the increased discrepancy.
4.3. Nonlinear softening resonance
In the microcantilever system having non-coplanar cantilever
surfaces as shown in Fig. 6b, the attached nanotube is severely
tilted off the reference ground plane. Such a microcantilever sys-
tem showed a clear softening response as shown in Fig. 7. As ex-
plained previously, such a softening response is a direct result of
the tilting in the nanotube coupling attachment and the conse-
quent introduction of a strong quadratic term in Eq. (23). Following
the procedures explained in Section 4.1, the relevant parameters
were estimated enabling comparison of experimental results with
those predicted by the model. The backbone curve in Fig. 8, derived
singly from data acquired at low oscillation amplitude, failed to
predict the experimentally acquired response at high oscillationamplitude. Thus, two sets of parameters (fo, l), (105.4 kHz,
3.6  105) and (103.1 kHz, 2.6  106) for low and high ampli-
tude oscillations, respectively, are used to ﬁt the experimental
data over the entire frequency range. Such different responses at
different oscillation amplitudes were believed to be originated
from the different spring type of behaviors of the attached nano-
tube underwent different magnitudes of deformation. When there
is an initial offset angle, the axial stress applied to the attached
nanotube during dynamic oscillation of the cantilever is divided
into two regimes; i.e., one compression-dominated at low oscillating
amplitude and another tension-dominated at high oscillating
amplitude. Note that the nanotube experiences only tensile strain
Fig. 6. SEM images of a nonlinear microcantilever system exhibiting softening responses due to the non-coplanar attachment of the nanotube. (a) The overall view of the
microcantilever system consisting of two separate microcantilevers. (b) The ampliﬁed view around the gap between the free ends of two microcantilevers showing the
nanotube attachment. The SEM image is acquired at a sample tilt of 52 showing the non-coplanar offset of the free ends of the microcantilevers. The attached BNNT is
2.4 lm in length and 75 nm in diameter.
Fig. 7. Experimentally acquired softening responses of the inner microcantilever shown in Fig. 6. Two ﬁtting curves are plotted based on the parameters estimated from
backbone curve ﬁtting shown in Fig. 8. The dashed/solid curves represent the nonlinear responses of the system in the compression/tension-dominated regimes of the
attached nanotube, respectively.
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absence of this offset angle. Due to its high aspect ratio structure,
a nanotube under compression can exhibit elastic Euler buckling
(or rippling bending) at small compressive strain, resulting in a
reduction in its stiffness (Yap et al., 2007). Alternately, a nanotube
in tension can sustain high tensile strain, maintaining high axial
stiffness until failure (Yu et al., 2000). The difference in axial stiff-
ness in tension and compression contributes to the difference in
the nonlinear constant (l) between the tension- and compres-
sion-dominated regimes. Besides, in the tension-dominated re-
gime, the effect of offset angle is negligible compared with the
nonlinear effect induced by axial stretch of the nanotube, which
leads to the reduction in the estimated fundamental resonant fre-
quency (fo) from 105.4 kHz to 103.1 kHz according to Eq. (6).
Two sets of responses are thus determined from the model and
plotted in Fig. 7; dashed and solid lines used ﬁtting parametersobtained in compression-dominated and tension-dominated re-
gions, respectively. When the amplitude of oscillation is small,
the experimentally measured response follows the dashed line.
Thereafter, as the oscillation amplitude increases, the slope of the
upper stable branch increases to follow the solid line. It is interest-
ing to note that the small shoulder experimentally observed in the
upper branch near the intersection of the two ﬁtted curves is indic-
ative of the transition from the compression-dominated to the ten-
sion-dominated regime as discussed.5. Summary and conclusions
In micro/nanomechanical resonating systems, the onset of non-
linear dynamics is more readily realizable than in macroscale de-
vices due to their small size and typically low mechanical
Fig. 8. Backbone curve ﬁtting for the softening resonances presented in Fig. 7. To
describe the entire range of dynamic response, two backbone curves (in black) from
two different sets of ﬁtting parameters for fo and l are used to ﬁt the responses
(blue cross), reﬂecting the different mechanical behaviors of the attached nanotube
under compression at small oscillation amplitude and tension at large oscillation
amplitude. (For interpretation of the references to colour in this ﬁgure legend, the
reader is referred to the web version of this article.)
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amplitude that can introduce noticeable amount of geometric
and kinematic nonlinearities. In this study, we provided a novel de-
sign of a nonlinear resonator over a typical microcantilever by inte-
grating geometric nonlinearity through a nanotube attachment.
While the nanotube attachment hardly affected the overall mass
of the system, it introduced, very effectively, strong geometric non-
linearities that totally transformed an otherwise purely linear sys-
tem into a strong nonlinear dynamic system. Furthermore, we
showed, through theoretical modeling, that a simple introduction
of offset in the attachment of the nanotube could readily tune
the system into a nonlinear system with either a hardening re-
sponse or a softening response exploiting the different mechanical
deformation behaviors of the attached nanotube under tension or
compression. The model analysis was quantitatively and qualita-
tively corroborated with experiment results.
We expect that such microcantilever systems incorporating
intentional nonlinearity can be exploited for sensing applications
similar to that demonstrated in a relevant nonlinear nanoresonator
(Cho et al., 2010), especially in a practical environment (i.e., room
temperature and/or atmospheric pressure) owing to its readily
achievable relatively large oscillation amplitude. Introducing such
a design into dynamic atomic force microscopy (AFM) imaging can
also be potentially beneﬁcial in terms of increasing the bandwidth
and stability of the dynamic AFM operation (Cho et al., in press).
The designed introduction of intentional nonlinearity into micro-
scale and nanoscale dynamic mechanical systems combined with
the inherent ease of realization of nonlinearity at micro/nanoscale
can surely signiﬁcantly enrich the complexity of dynamics in such
systems, and consequently allow the design of more advanced con-
trol and sensing schemes in such micro/nanoscale system toachieve speciﬁc performance objectives. Of course, this calls for
further extensive study of the underlying nonlinear behavior of
such systems, especially incorporating fuller understanding of
the mechanical behavior of the critical element in the systems,
namely the nanotube or nanowire.
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